Introduction
With the development and widespread use of antibiotics, dependence has increased tremendously, especially since many clinicians tend to prescribe antibiotics for inflammatory reactions. Antibiotic use is often blamed for an increase in the prevalence of infections due to antibiotic-resistant bacteria and for shortening the life of natural antibiotics, leading to an apparently inexorable advent of a postantibiotic era [1] [2] [3] . Theoretical discussions in the literature have examined antibiotic therapy and resistance in order to clarify the effects of antibiotic exposure on bacterial antibiotic resistance and postpone the advent of a postantibiotic era [3] [4] [5] [6] [7] [8] .
Genetically altered organisms frequently occur in a host, for example, the human body. This alteration is accomplished by the insertion into the cell of a plasmid, a piece of DNA that replicates within the cell independently of chromosomal DNA. This genetic material is reproduced when the cell divides. Similarly, the plasmid can be lost in the reproductive process. The plasmid-bearing organism is likely to be a lesser competitor than the plasmid-free organism because of the added load on its metabolic machinery. To compensate, an additional piece of genetic material is added to the plasmid, one that codes for resistance to an inhibitor (an antibiotic) and the inhibitor is added to the host by injection, orally or by transfusion.
Many papers discuss plasmid models in chemostat, for instance based on the mass balances of the organisms, i.e. the competitive model between the plasmid-bearing and the plasmid-free organisms without an inhibitor [9, 10] , and the competitive model between the plasmid-bearing and the plasmid-free organisms with an inhibitor [11, 12] . In this paper, based on the above-mentioned mechanism of bacterial antibiotic resistance within the host and the competition in terms of the metabolic cost of carrying the plasmid, we establish a competitive population dynamics model to explore the competitive interactions between two populations of bacteria: one with a plasmid that confers resistance to antibiotics and another without the plasmid. With the results of the plasmid model, we analyze the sterilizing effect when an antibiotic is added to the host by injection, orally or by transfusion. Those analyses effectively explain the relationship between antibiotic resistance and the dosage of antibiotic exposure. Plasmid models have been cited by a significant number of researchers [13] [14] [15] [16] [17] [18] .
Description of the Model
The competitive population dynamics model between the plasmid-bearing and the plasmid-free organisms without an inhibitor, modified from the model of Wang et al. [8] , Hsu et al. [10] and Zhiqi and Hadeler [11] , is described as
where x 1 ( t ) denotes the concentration of plasmid-bearing organisms at time t, and x 2 ( t ) is the concentration of plasmid-free organisms. The specific growth rates and death rates of plasmid-bearing and plasmid-free organisms are r 1 , r 21 , ␦ 11 x 1 and ␦ 22 x 2 , respectively. Here, q is the probability that a plasmid is lost in reproduction, and hence 0 ! q ! 1. ␦ ij is the competition coefficient of the i -th organism for the j -th organism. For biological consistency, all parameters are positive constants, and the initial value of system 1 is x i (0) 1 0, i = 1,2. System 1 shows that each species in isolation would exhibit logistic growth. That is, when system 1 is considered restricted to the i -th coordinate axis, we have
, in which the repulsion at 0 (growth of small populations) and the repulsion at G (competition within large populations) balance at an attracting fixed point, R i , at the carrying capacity r i / ␦ ii . However, from the following description, it is found that there are more complicated phenomena when the species are not isolated.
Dynamics of the Plasmid Model
First, we will show that system 1 is reasonable. That is, we will prove that every solution of system 1 is always positive and ultimately bounded for any initial value.
Because x 1 = 0 is the constant solution of system 1, by the uniqueness of initial value problems and continuous dependence on the initial value, we get x 1 ( t ) 1 0 for any t 6 0, i.e. x 1 ( t ) is always positive. If the first time x 2 ( t ) = 0 and t 1 
, being an arbitrarily small positive constant, a contradiction. Thus, x 2 ( t ) is always positive. Now, by the first equation of system 1, we have
so by the comparison principle,
by the second equation of system 1, we have 
Therefore, the above conclusion is correct and the region
G } is a positively invariant region of system 1. For the convenience of the description, we will restrict our analysis to region ⍀ for system 1.
We use the following notation for the relevant rest points of system 1, E = ( x * 1 , x * 2 ). A rest point of system 1 does not exist if any one of its components is negative, that is, a rest point is the nonnegative solution of the algebraic equations as follows Obviously, E 0 = (0,0) is the washout rest point, meaning that both organisms become extinct. There is only one possible rest point involving plasmid-free organisms but no plasmid-bearing organisms, denoted
The mixed culture rest point is denoted E * = ( x * 1 , x * 2 ), where E * is the point of intersection between curve l 1 :
There are eight cases ( fig. 1 ). The object of the next discussion is to study the asymptotical stabilizability of the rest points. Since l 1 and l 2 are the isocline equations of system 1, l 1 and l 2 divide region ⍀ into several subregions, and ẋ 1 , ẋ 2 keep a fixed sign in each subregion as indicated in figure 1 . We apply the Dulac criterion [18] with the auxiliary function to the vector field given by system 1. An easy computation in region ⍀ yields Hence there are no nontrivial periodic solutions. Then, using the Poincaré-Bendixson theorem, and with the help of the fixed sign in each subregion, as indicated in figure 1 , we obtain the asymptotical stabilizability of the rest points as shown in table 1 . Using Matlab software, we numerically solved system 1 for each case described ( fig. 2 ) , and these simulations also validated the asymptotical stabilizability of the rest points.
Discussion
The results of the model can be considered from three viewpoints: (1) the stability of the population dynamics, (2) the bifurcation of the rest point, and (3) 
Population Dynamics
From table 1 , we know that plasmid-bearing organisms will ultimately tend to become extinct and plasmidfree organisms will tend to the carrying capacity 22 r ␦ 2 for any initial value in cases I, VI and VII. The competition between plasmid-bearing and plasmid-free organisms in the host results in the victory of the plasmid-free organisms. In cases IV, V and VIII, the plasmid-bearing organisms and the plasmid-free organisms will ultimately tend to a positive rest point, E * , for any initial value. They will stabilize survival in the host. These are common conclusions that most people can easily think of, and they are also confirmed by the plasmid models in chemostat. Since we have stated that there cannot exist nontrivial periodic solutions, what special phenomena will be found in our model? There are, for example, cases II and III, in which plasmid-bearing organisms tend to become extinct or survive, depending on the initial value of the population: if the initial value of plasmid-bearing organisms is sufficiently small, they will tend to become extinct; otherwise, they will survive in the host. The reason that this special phenomenon occurs is the bifurcation of the rest point, when which is described below.
Bifurcation of the Rest Point
In figure 1 , if the positive rest point E * 2 will be combined with E 1 , so the stability of E 1 changes from stable to unstable, and the positive rest point E * 1 approaches global asymptotical stability (case IV). Therefore, because of the bifurcation of the rest point, the plasmid-bearing organisms will change from a tendency toward extinction to possible survival, and then to final survival.
